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Abstract 

We show tight necessary and sufficient conditions on the sizes of small bipartite graphs whose 
union is a larger bipartite graph that has no large bipartite independent set. Our main result 
is a common generalization of two classical results in graph theory: the theorem of Kovari, Sos 
and Turan on the minimum number of edges in a bipartite graph that has no large independent 
set, and the theorem of Hansel (also Katona and Szemeredi and Krichevskii) on the sum of 
the sizes of bipartite graphs that can be used to construct a graph (non-necessarily bipartite) 
that has no large independent set. Our results unify the underlying combinatorial principles 
developed in the proof of tight lower bounds for depth- two superconcentrators. 
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1 Introduction 



Consider a bipartite graph G = (V,W,E), where |V|,|W| = n. Suppose every k element subset 
S C V is connected to every k element subset T C W by at least one edge. How many edges must 
such a graph have? This is the celebrated Zarankiewicz problem. 

Definition 1 (Bipartite independent set). A bipartite independent set of size k x k in a bipartite 
graph G = (V, W, E) is a pair of subsets SCF and T C W of size k each such that there is no 
edge connecting S and T, i.e., (S x T) n E = 0. 

The Zarankiewicz problem asks for the minimum number of edges in a bipartite graph that does 
not have any bipartite independent set of size k x k. We may think of an edge as a complete 
bipartite graph where each side of the bipartition is just a singleton. This motivates the following 
generalization where we consider bipartite graphs as formed by putting together not just edges, 
but, more generally, small complete bipartite graphs. 

Definition 2. A bipartite graph G = (V, W, E) is said to be the union of complete bipartite graphs 
d = (V u Wi,Ei = ViX Wi), (i = 1,2,..., r) if each V { C V, each WiQW, and E = Eil) ■ ■ • U E r . 

Definition 3. We say that a sequence of positive integers (m, ri2, . . . , n r ) is (n, k)-strong if there is 
a bipartite graph G = (V, W, E) that is a union of graphs G{ = (Vi, Wi,Ei = Vi x Wi), i = 1, 2, . . . , r, 



• G has no bipartite independent set of size k x k. 

What conditions must the rij's satisfy for (m, ri2, ■ ■ ■ , n r ) to be (n, fe)-strong? Note that the 
Zarankiewicz problem is a special case of this question where each ni is 1 and ^ rii corresponds 
to the number edges in the final graph G. 

Remark. The Zarankiewicz problem is more commonly posed in the following form: What is the 
maximum number of edges in a bipartite graph with no k x k bipartite clique. By interchanging 
edges and non-edges, we can ask for the maximum number of non-edges (equivalently the minimum 
number of edges) such that there is no k x k bipartite independent set. This complementary form 
is more convenient for our purposes. 

The Kovari, Sos and Turan bound 

The following classical theorem gives a lower bound on the number of edges in that have no large 
independent set. 

Theorem 4 (Kovari, Sos and Turan [6]; see, e.g., [2], Page 301, Lemma 2.1.). If G does not have 
an independent set of size k x k, then 



such that 



• \v\,\w\ 



= n; 



• \Vi\ = \Wi\ = n^, 




l 



where d is the average degree of G. 
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The above theorem implies that 

n < (k-1) 
< (k-1) 



n — d\ 1 (n 



k 

n — k + 1 



which yields, 



= (fc-l)ll4 
< (k — 1) exp 

d> 



n — d — k + 1 
d 



n — d — k + 1 
dk 



n — d — k + 1 
(n - k + l)log(n/(k - 1)) 



k + log(n/(k - 1)) 

In this paper, we will mainly be interested in k £ [ji 1 / 10 , ?i 9 / 10 ], in which case we obtain 

k 

For the problem under consideration, this immediately gives the necessary condition 

,2 



77 

\E(G)\ =nd = n(—logn 



fn 2 \ 

Y. 1 ^ = Cl ( T l0gn ) • 
i=i v J 



(1) 



It will be convenient to normalize rii and define = -^fc. With this notation, the inequality above 
can be restated as follows. 

r 

£o? = n(fclogn). (2) 

i=i 

The Hansel bound 

The same question can also be asked in the context of general graphs. In that case, we have the 
classical theorem. 

Theorem 5 (Hansel [4], Katona and Szemeredi [5]). Suppose it is possible to place one copy each 
of K ni)Ui , i = 1, 2, . . . ,r, in a vertex set of size n such that the resulting graph has no independent 
set of size k. Then, 



i=l V ' 



Although this result pertains to general graphs and is not directly applicable to the bipartite graph 
setting, it can be used (details omitted as we will use this bound only to motivate our results, not to 
derive them) to derive a necessary condition for bipartite graphs as well. In particular, normalizing 
ni by setting = ctA as before, one can obtain the necessary condition 

r 

= fJ(Hogn). (3) 

i=i 
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Note that neither of the two bounds above strictly dominates the other: if all a, are small (say 
<C 1), then the first condition derived from the Kovari, Sos and Turan bound is stronger, wheras if 
all on are large (3> 1), then the condition derived from the Hansel bound is stronger. 

In our applications, we will meet situations where the a^s will not be confined to one or the 
other regime. To get optimal results, one must, therefore, devise a condition appropriate for the 
entire range of values for the a^s. Towards this goal, we start by trying to guess the form of this 
general inequality by asking a dual question: what is a sufficient condition on rij's (equivalently 
aj's) for (m, n2, ■ ■ ■ ,n r ) to be (n, A:)-strong? We derive the following. 

Theorem 6 (Sufficient condition). Suppose k E [n 1 / 10 , n 9 / 10 ], and let cti G [n -1 / 100 , n 1//10 °], i = 
1,2 ... ,r. Then, there is a constant A > such that if 

aj + ^2 a i — log n, 

i:cei<l i:cti>l 

then (m, ri2, . . . , n r ) is in, k)-strong, where rii = ati(n/k). 

Using this insight, we then show that this sufficient condition is indeed also necessary (with slightly 
different constants). 

Theorem 7 (Necessary condition). Suppose k 6 

[n l/10 )n 9/10] ; md M ^ G ^-1/100^1/100^ i = 

l,2...,r. Then, there is a constant B > such that if (ni, ri2, ■ ■ ■ , n r ) is (n,k)-strong where 
n% = a.i{n/k), then 

oq + ati > Bklogn. 

i:ai<l i:ai>l 

Our proof of Theorem [7] uses a refinement of the ideas used in Radhakrishnan and Ta-Shma [7]- 
In a later section, we also show that our inequality leads to a modular proof of their tight lower 
bound on the size of depth-two superconcentrators. 

A tradeoff result for depth-two superconcentrators was shown by Dutta and Radhakrishnan [3]. 
Their main argument leads one to consider situations where the small bipartite graphs used to 
build the bigger one are not symmetric, instead of being of the form K nuni , they are of the form 
K mi , ni (with perhaps m; / rij). 

Definition 8. We say that a sequence of pairs of positive integers ((mi, rei), (m2,ri2), ■ ■ ■ , (m r ,n r )) 
is (n, k)-strong if there is a bipartite graph G = (V, W, E) that is a union of graphs G{ = (Vi, Wi, Ei = 
Vi x Wi), i = 1, 2, . . . , r, such that 

• \V\,\W\ =n; 

• \Vi\ = rrii and \ Wi\ = rij. 

• G has no bipartite independent set of size k x k. 

We refine our arguments and provide tight necessary and sufficient conditions for this asymmetric 
setting as well. From the necessary condition for the asymmetric setting, we derive the tradeoff 
result shown earlier by Dutta and Radhakrishnan [3j. Our main results are the following. 

Theorem 9 (Sufficient condition: asymmetric case). Suppose k £ 
[n 1 / 100 , n" 1 / 100 ], i = 1, 2 . . . , r. Then, there is a constant C > such that if 

^a 4 /3i+ Yl (ai + f3i)H( Pi ) > Cklogn 

i&X ie{l,2,...,r}\X 
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for every X C {1, 2, ... , r}, w/iere pi = and H(pi) = -p, log (pi) - (1 - p 4 ) log(l - p») is the 

binary entropy function, then the sequence ((mi, n\), (7712,77.2), (m r ,n r )) is (n, k)-strong where 
rm = ai(n/k), n { = ^(n/k). 

Theorem 10 (Necessary condition: asymmetric case). Suppose k 6 [n 1 / 10 , n 9 / 10 ], and let cti,/3i 6 
[n -1 / 100 , n 1 / 100 ], i = l,2...,r. Then, i/iere zs a constant D > suc/i /j/iaf «/ i/ie sequence 
((mi, ni), (7712, 772), • • • , (777,7. , 77 r )) is (n, k) -strong where mi = ai(n/k) and rii = f3i(n / 'k) , then 



Y, a ^i + £ («i + A) H (Pi) > ™°g 

i&X ie{l,2,...,r}\X 



n 



for every X C {1, 2, . . . , r}, where pi 



and H(pj 



-Pi log (pi) - (1 - pi) log(l - pi). 



Organization 

In Section [2j we first derive the sufficient condition (Theorem [6]) and then prove the necessary 
condition (Theorem [7]) for the symmetric setting. We then present generalizations of these results 
to the asymmetric setting in Section [3l In Section [H we derive the depth-two superconcentrator 
results. 



2 Building bipartite graph from smaller symmetric bipartite graphs 
2.1 Sufficient condition: Theorem [6] 

Let us consider a probabilistic construction of a bipartite graph G = (V, W, E) where, given 
77i, 772, • • • , 77 r such that ctj = -^h € [n^ 1 / 100 , n 1 / 100 ], we place an independently drawn random 
copy Gi of K nu1li between V and W. In other words, G is the union of G\, G2, ■ ■ ■ , G r where 
Gi = (Vi,Wi, Ei = Vi x Wi) and Vi, Wi are uniformly chosen random element subsets of V and 
W respectively. Fix a potential independent set (S, T) of size k x k. Then, as shown below, 

Pr[E(Hi) nSxT = 0]<l-(l- exp(-ai)) 2 . (4) 

Thus, since the graphs Gj's are chosen independently, the probability that (S,T) is independent in 
G is 

r 

p = Pr[(5, T) is independent in G] < JJ(1 — (1 — exp(— «j)) 2 ). 

i=i 

By the union bound, if p(^) 2 < 1 then there is bipartite graph built by putting together one copy 
each of K nuni that avoids all independent sets of size kxk. The interesting aspect of this calculation 
is in the form of the expression pi = 1 — (1 — exp(— on)) 2 . We will show below that 

« 2 



w < j -n-ifj if ^<! (5) 

[ exp(— (1 — ln2)aj) if cti > 1 

This immediately gives us our first result, the sufficient condition stated as Theorem [6] in the 
introduction. 
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Proof of (|4]): Recall that Gi = (Vi, Wi, Vi x Wi), where Vi and Wi are uniformly chosen random 
subsets of V and W of size each. 



Pv[E(Hi) n S x T = 0] = Pr[Vj n S = V HT = 0] = 1 - (1 - Pr[y 4 n 5 = 0])(1 - Pr[Wi nr = 0]). 
Then, (jj]) follows from this because 



Pr[^ n S = 0], Pr[Wi n T = 0] 



< 



< 



n — k\ { n 
n — k 



m 



n 

kn t 
n 

exp(-aj). 



exp 



Proof of ([5]): We have 

Pi = 1 - (1 - exp(-aj)) 2 = exp(-aj)(2 - exp(-aj)). 
If Qj < 1, then we have 

a? a? . / a? 



2 - exp(-ai) < 1 + - y + y < exp ( a 

Thus, 

K = exp(-a,)(2 - exp(-aj)) < exp 

If aj > 1, then we have 

Pi = exp(— cti)(2 — exp(— oti)) < 2 exp(— 04) = exp(— on + In 2) < exp(— (1 — In 2)a.i). 

We might ask if this sufficient condition is also necessary. As noted in the introduction, the 
Kovari, Sos and Turan bound (Inequality [2]) explains the first term in the above sufficient condition, 
and the Hansel bound (Inequality [3]) explains the second term. We thus have explanations for 
both the terms in the LHS of the sufficient condition, using two classical theorems of graph theory. 
However, neither of them implies in full generality that the sufficient condition derived above is 
necessary. 

2.2 Necessary condition: Theorem [7] 

We show that the sufficient condition derived in Theorem [6] is also necessary upto constants. 

Let k G [nio, 77,10] and G [ra" 1 / 100 , n 1 / 100 ], i = 1,2, ... ,r. Suppose we are given a bipartite 
graph G = (V, W, E) which is the union of complete bipartite graphs Gi, G2, ■ ■ ■ , G r and has no 
bipartite independent set of size k x k, where Gi = (Vi,Wi,Ei = Vi x Wi) with \Vi\ = \Wi\ =rn = 
oti(n/k). We want to show that for some constant B > 0, 



af + a i — Bk log n. 



i:»;<l i:oti>l 
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We will present the argument for the case when k = \fn\ the proof for other k is similar, and 
focussing on this k will keep the notation and the constants simple. We will show that if the second 
term in the LHS of the above inequality is small, say, 

SecondTerm = a, < — fclogra, 
^ 1 ~ 100 

i:ai>l 

then the first term must be large, i.e., 

FirstTerm = of > — !— Hogn. 
^ 1 ~ 100 

i:cti<l 

Assume SecondTerm < j^klogn. Let us call a Gi for which ct\ > 1 as large and a Gi for which 
on < 1 as small. We start as in [7] by deleting one of the sides of each large Gi independently and 
uniformly at random from the vertex set of G. For a vertex v € V, let d v be number of large G^s 
such that v £ Vi- The probability that v survives at the end of the random deletion is precisely 
2~ dv . Now, 

v i:ai>\ 

where the inequality follows from our assumption that SecondTerm < j^k\ogn. That is, the 
average value of d v is ygglogn, and by Markov's inequality, at least half of the vertices have their 
d v 7 s at most d = logn. We focus on a set V of n/2 such vertices, and if they survive the first 
deletion, we delete them again with probability 1 — 2~( d ~ dv \ so that every one of these n/2 vertices 
in V' survives with probability exactly 2~ d = n" 1 / 50 . Let X be the vertices of V that survive. 
Similarly, we define W C W, and let Y C W 1 be the vertices that survive. 

Claim 1. With probability 1 - o(l), \X\,\Y\ > j2~ d . 

The claim can be proved as follows. For v G V, let be the indicator variable for the event 
that v survives. Then, Pr[J^ = 1] = 2~ d = n -1 / 50 for all v € V . Furthermore, I v and /„' are 
dependent precisely if there is a common large Gi such that both v,v' G Vi- Thus, any one is 
dependent on at most A = d v x max{nj : > 1} < (1/50) log nn 1//100 (n/fc) = (l/50)n 51 / 100 log n 
such events (recall k = y/n). We thus have (see Alon-Spencer [JJ) 

E[|X|] = £ I v = \2~ d = \n^; 
Var[|A|] < E[\X\]A. 
By Chebyshev's inequality, the probability that \X\ is less than 5U2£U j s a ^ m ost 

War [A] 4 A 

E[|A|]2 " eM~ 

A similar calculation can be done for \Y\. (End of Claim.) 

The crucial consequence of our random deletion process is that no large Gi has any edge between 
X and Y. Since G does not have any independent set (S,T) of size k x k, the small GVs must 
provide the necessary edges to avoid such independent sets between X and Y . Consider an edge 
(y,w) of a small Gj. The probability that this edge survives in X x Y is precisely the probability 
of the event I v A I w . Note that the two events and I w are either independent (when v and w do 
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not belong to a common large Gi), or they are mutually exclusive. Thus, the expected number of 
edges supplied between X and Y by small GVs is at most 

a 2 i (n/k) 2 2- 2d = FirstTerm x (n/k) 2 2~ 2d , 

i:OLi<\ 

and by Markov's inequality, with probability 1/2 it is at most twice its expectation. Using the 
Claim above we conclude that the following three events happen simultaneously: (a) |X| > j2~ d , 
(b) \Y\ > j2~ d , (c) the number of edges conecting X and Y is at most FirstTerm x (n/k) 2 2~ 2d . 

Using ([1]), this number of edges must be at least ||| ^ 6fc ^ logrt. (Note that ^ suffices as the 

constant in (TTJ for the case \X\, \ Y\ > - 9 ^°° and k = \/n.) Comparing the upper and lower bounds 
on the number of edges thus established, we obtain the required inequality 

FirstTerm > kloen. 

~ 100 

3 Building bipartite graph from smaller asymmetric bipartite graphs 
3.1 Necessary condition: Theorem 1101 

19 11 

Let k £ [nw,nio] and a.i,(3i € [n _ ioo , ni°o], i = 1,2, ... ,r. Suppose we are given a bipartite graph 
G = (V, W, E) which is the union of complete bipartite graphs G\,G%, . . . ,G r and has no bipartite 
independent set of size k x k, where Gi = (Vi,Wi,Ei = Vi x Wi) with \Vi\ = mj = ai{n/k) and 
\WA = Hi = j3An/k). As stated in Theorem [TO], we let pi = a ]- R and HOpA = —piloglpA — (1 — 
Pi) log(l — pi). We wish to show that there is a constant D > such that 

^ai(3i+ Yl («< + A)H(Pi) > Dklogn 

i&X ie{l,2,...,r}\X 

for every X C {1, 2, . . . , r}. 

The proof is similar to the proof of Thereom [7] and again we present the argument for the case 
when k = \fn. Fix a subset X C {1, 2, . . . , r}. Our plan is to assume that the second term in the 
LHS of the above inequality is small, 

SecondTerm = ^ (a* + /3»)H(pi) < -^klogn, 

ie{l,2,...,r}\X 

and from this conclude that the first term must be large, 

FirstTerm = ouBi > -^—klogn. 

Assume SecondTerm < Y^jA;logn. We will call a graph Gi whose index iGlas marked, and 
a graph Gi whose index i ^ X as unmarked. As before, we will delete one of the sides of each 
unmarked Gi independently at random from the vertex set of G. However, since this time there 
are different number of vertices on the two sides of Gi, we need to be more careful and choose 
the deletion probabilities cleverly. We do so as follows. For every unmarked Gi independently, 
we delete all the vertices in Wi with probability and all its vertices in Vi with the remaining 
probability 1 — pj. 
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For a vertex v G V, let S v be the set of i ^ X such that v £ Vi. Define cZ„ to be the 
quantity X]ieS„ l°g(VPi)- The probability that v survives the random deletion process is 2~ du . 
Using the fact that pi = a °^a. and plugging the expression for H(j»j) in the assumption that 
SecondTerm < j^klogn, we get 

^(a i log(lM) + ftlog(l/(l- K ))) < i5o fcl °g n - 

Multiplying both sides by (n/k), this implies 

^2 nii log(l/ < log n, (6) 

and 

2 rii log(l/ (1 - pO) < log n. (7) 

Since 

^ = ^ m * lo g(VPi)> 

the average value of <i„ is at most log n, and by Markov's inequality, at least 3n/4 vertices v € V 
have their d w at most d = ^logn. Moreover, since ai, fa € [n" 1 / 100 , n 1 / 100 ], we have 

n i/ioo 

Pi < 



1/100 _)_ n -i/ioo ' 



and thus 



1 n i/ioo + n -i/ioo 
~ - n i/ioo 
1 



_ n -l/10U 
1 n l/ 100 +n - 1/100 

n -l/100 
n l/100 + n -l/100 

1 



> exp 



> exp ( 2 n_1/5 ° 



The above implies log(l/pj) > \n 1//50 , which combined with ([6]) yields 

Em, < J_ n 51 /so \ „ n 
1 - Kfl 6 



50 
Since 

uev j^x 

the average value of \S V \ is at most ^n 1 / 50 logra, and again by Markov's inequality, at least 3n/4 
vertices v G V satisfies < d! = ^n 1 / 50 logn. 

We focus on a set V' of n/2 vertices w£F such that d v < d and \S V \ < d' . If any vertex v £ V' 
survives the first deletion, we delete it further with probability 1 — 2~^ d ~ dv \ so that the survival 
probability of each vertex in V is exactly 2~ d = n~ 1//25 . Let X be the set of vertices in V' that 
survive. Similarly, we define W' C W, and let Y be the set of vertices in W' that survive. 
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Claim 2. With probability 1 - o(l), \X\, \Y\ > \2~ d . 

The proof of the claim is exactly like the previous time. For v G V', we let I v be the indicator 
variable for the event that v survives in X. Then, ~Pr[I v = 1] = 2~ d = re^ 1 / 25 for all v G V. 
Furthermore, I v and I v > are dependent precisely if there is a common unmarked Gi such that 
both v,v' G VJ. Thus, any one I v is dependent on at most A = \S V \ x max{m, : i ^ X} < 
(4/50)n 1//50 log nn 1 / 100 (n/ fc) = (4/50)re 53 / 100 log re, such events (recall k = \/n). Now we have 

E[|xo = j> = l 2_d = ^ 24/25 ; 

Var[|X|] < £[|X|]A. 

By Chebyshev's inequality, the probability that |X| is less than l^MH is at most 

4Var[X] < JA_ = 
E[|X|P " E[|X|] ° l j 

A similar calculation can be done for \Y\. (End of Claim.) 

Since no unmarked Gi has any edge between X and Y, the marked GVs must provide enough 
edges to avoid all independent sets of size k x k between X and Y. As in the proof of Theorem [TJ 
we can argue that an edge of a marked Gi survives inlxy with probability at most 2~ 2d . Thus 
the expected number of edges supplied between X and Y by marked Gj's is at most 



J2 m irii2- 2d = ^2aiPi(n/k) 2 2- 2d = FirstTerm x {n/k) 2 2^ 



and by Markov's inequality with probability 1 /2 it is at most twice its expectation. Thus the event 
where both X and Y are of size at least j2~ d and the number of edges connecting them is at most 
FirstTerm x {n/k) 2 2~ 2d occurs with positive probability. From (pQ), this number of edges must be 

at least gfl ^gr^ log re. (Note that | suffices as the constant in ([T]) when |X|, \Y\ > - j and 
A; = \/n.) Thus we get 

FirstTerm > fcloen. 

~ 100 6 



4 Depth-two superconcentrators 

Consider a graph G = (V, M, W, E) with three sets of vertices V, M and W, where \V\, \W\ = re, and 
all edges in E go from V to M or M to W. Such a graph is called a depth-two re-superconcentrator 
if for every k G {1, 2, . . . , re} and every pair of subsets S C.V and T C W, each of size k, there are 
k vertex disjoint paths from S to T. 

We reprove two known lower bounds for depth-two superconcentrators: the first one is a lower 
bound on the number of edges (Theorem II ip shown in [7] which we reprove here using Theorem [TJ 
the second one is a tradeoff result between the number of edges going from V to M and the number 
of them going from M to W (Theorem [T2]) shown in [3] which we reprove using Theorem [TUJ 

Theorem 11 (Radhakrishnan and Ta-Shma [7]). If the graph G = (V,M, W, E) is a depth-two 
n-superconcentrator, then \E{G)\ = ^(re ^"^^ ). 
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Proof. This proof is similar to the one used in [7J , but the use of Theorem [7J makes the calculations 
modular. Assume that the number of edges in a depth-two n-superconcentrator G is at most 
(B /100)n fog fog n ) where B is the constant in Theorem [7J By increasing the number of edges by a 
factor at most two, we assume that each vertex in M has the same number of edges coming from 
V and going to W. For a vertex v G M, let deg(v) denote the number of edges that come from V 
to v (equivalently the number of edges that go from v to W). Let For k G [n 1 / 4 , n 3//4 ], define 

High(fc) = {v G M : deg(u) > ^(logn) 2 }; 
Mediumf/c) = G M : ^(logn)" 2 < deg(u) < ^(logra) 2 }; 
Low(fc) = G M : deg(u) < ^(logn)~ 2 }. 

Claim 3. For each k G [n 1 / 4 , n 3 / 4 ], the number of edges incident on Medium (/c) is at least ^nlogn. 

Fix a k G [ra 1//4 ,ra 3//4 ]. First observe that |High(fc)| < k, for otherwise, the number of edges 
in G would already exceed n(logn) 2 , contradicting our assumption. Thus, every pair of subsets 
Scy and T C W of size k each has a common neighbour in Medium (k) U Low(/c). We are now in a 
position to move to the setting of Theorem[7J For each vertex v G Medium(/c)Ul_ow(/c), consider the 
complete bipartite graph between its in-neighbours in V and out-neighbours in W. The analysis 
above implies that the union of these graphs is a bipartite graph between V and W that has no 
independent set of size k x k. For v G Medium(fc) U Low(fc), let a v = -^p- Using Theorem [7J it 
follows that 

^2 a 2 + ^2 a v >Bklogn. (8) 

tie Medium (fc)ULow(fc):Q 1J <l t'eMedium(fc)ULow(fc):a^>l 

For a v < 1, a 2 < a v and thus we can replace a 2 by a„ when (logn)~ 2 < a v < 1 and conclude 

^ a 2 + ^ a„>5Hogn. (9) 

■uGLow(fc) u6Medium(fc) 

One of the two terms in the LHS is at least half the RHS. If it is the first term then noting that 
a v < (logn)~ 2 for all v G Low(fc), we obtain 

^2 de g( v ) = ( n / k ) ^2 av 

dGLow v£Low 

> {n/k){\ognf J2 a l 

t'GLow 

> — n(logra) 3 , 

Since the left hand side is precisely the number of edges entering Low(/c), this contradicts our 
assumption that G has few edges. So, it must be that the second term in the LHS of Q is at least 
-jfclogn. Then, the number of edges incident on Medium(fc) is 

deg(u) = (n/k) a v > — ralogn. 

i; 6 Medium uGMedium 

This completes the proof of the claim. 

Now, consider values of k of the form n 1//4 (log n) 4 * in the range [ra 1 / 4 , n 3//4 ]. Note that there 
are at least (^) log nj log log n such values of k and the sets Medium(fc) for these values of k are 
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disjoint. By the claim above, each such Medium(A:) has at least ^-nlogn edges incident on it, that 
is G has a total of at least 2Ti n iog1ogn edges, again contradicting our assumption. □ 

Theorem 12 (Dutta and Radhakrishnan [3]). If the graph G = (V, M,W, E) is a depth-two n- 
superconcentrator with average degree of nodes in V and W being a and b respectively and a < b, 
then 

a log ^ Q — ^ log b = 0(log 2 n). 

Proof. We may assume that b > logn, otherwise the total number of edges in G is at most 2?7,logn 
which contradicts Theorem 1111 proved earlier. We may also assume that b < (logn) 15 , otherwise 
the theorem can be easily seen to be true. For a vertex v G M, let degy(v) denote the number 
of edges that come from V to v and deg w (v) denote the number of edges that go from v to W. 
We will assume that the ratio deg^^) * s ec l ua l to f for each vertex v G M. This is without loss of 
generality as we can make the ratio deg V (") e Q ua l to ^ by increasing the number of edges from V 

to v (if deg V is smaller) or increasing the number of edges from v to W (if the ratio is larger), 
and this process does not increase the number of edges between V and M or between M and W 
more than by a factor two. (We ignore the rounding issues as they are not important.) 
For k G [n 1 / 4 , n 3//4 ], define 

High(fc) = {v G M : deg(v) > ^6 2 }; 

k 

Medium(/c) = {v G M : ^6~ 2 < deg(v) < ^b 2 }; 

k k 

Low(A;) = {v G M : degiv) < ^b~ 2 }. 

k 

We consider values of k of the form n 1 / 4 6 4i in the range [n 1//4 , n 3//4 ]. There are at least L = 1 Q°Qg b 
such values of k and the sets Medium (k ) for these values of k are disjoint. Thus out of these values 
of k, we can find one, say ko, such that the number of edges from V to Medium(/co) is at most 

We observe that |High(fco)| < ko, otherwise the number of edges between M and W would be 
at least b 2 n > bn which is a contradition. Thus every pair of subsets 5cy and T C W of size k 
each has a common neighbour in Medium(A;o) U Low(/co). For each vertex v G Medium (feo) U \-Ow(ko), 
consider the complete bipartite graph between the in-neighbours and out-neighbours of v. The 
union of these graphs is a bipartite graph between V and W that has no independent set of size 
kxk. For v G Medium(/c )ULow(/c ), let a v = de ^ ] and /3 V = de g%^ . It follows from Theorem[L0] 
that 

OvPv+ K + A)H( ) >Dk logn. (10) 

(»eLow(fco) fgMedium(fco) 

where D is the constant from Theorem [TOJ One of the two terms in the LHS is at least half the 
RHS. If it is the first term, noting that f} v < b~ 2 for all v G Low(fco), we obtain 

Y de &v( v ) = i n /ko) Y av 

t>6l_ow(fco) i)€Low(feo) 

> (n/k )b 2 Y a vPv 

■uSLow(fco) 

D 2 

> — nlogn6 

D o 

> -jn(logny 
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Since the left hand side is precisely the number of edges entering Low(fco), we get a > § (log n) 

D 

2 



which proves the theorem. If the second term in the LHS of (|l(jp is at least S-kologn, we get 



£ K + ^)H(— ^-) > ^ologn. 

uGMedium(fco) 



Simplifying we get 



( o, log ( + f3 v log ( * + ) > log n. 



t'GMedium(fco) 

We know that 



1 + — < exp^J 



which means 

Noting ^i±Ai = s±k we have 



Ay V A, 
+ AA 

A / - ln2" 



iiGMedium(feo) 

Since a < b, > 1 and we conclude 



^ a^Iog^— + — j > -feologn. 



^ a^log ( < ^— j = Q(fc logn). 



i'GMedium(fco) 

The number of edges from V to Medium (fco) is precisely 

^ degy(i)) = (n/feo) Q,; - 

fgMedium(fco) -u£Medium(fco) 

But we know that there are at most edges from V to Medium(/co). Thus 
which implies 

a log f a + b \ i g 5 = J7(log 2 n). 
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